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Diﬀerent types of particle and/or cell patterning in acoustic cavities produced by the radiation force
of ultrasonic standing waves have been observed. However, most explanations of this phenomenon are
constrained to particles much smaller than the wavelength (i.e., the so-called Rayleigh regime). Here, we
present a theoretical model for acoustic trapping and patterning of particles/cells in a rectangular cavity
beyond the Rayleigh regime. A simple closed-form expression of the radiation-force potential for particles
of virtually any size immersed in a ﬂuid is obtained. Particles with a size comparable to one wavelength
(Mie particles) can be trapped in acoustic potential wells, whose stability is quantiﬁed by the trap stiﬀ-
ness. Our ﬁndings reveal that an acoustic trap can occur at a pressure node, antinode, and midpoint (i.e.,
a point midway between two nodes). These locations depend on the acoustic parameters of the particle
and surrounding ﬂuid (density, longitudinal, and shear speed of sound) and the ratio of particle size to
wavelength. We also investigate the eﬀects of the secondary radiation forces on trapping stability. We
determine the possible acoustic patterns formed with polystyrene particles and osmotically swollen red
blood cells (SRBCs). The conditions that may lead to one particle/cell per acoustic well patterning are
discussed. A set of patterning experiments is performed with an acoustoﬂuidic rectangular device, operat-
ing at 6.5-MHz frequency, using polystyrene particles with diameters of 10 μm (Rayleigh particles) and
75 μm (Mie particles) immersed in distilled water. The obtained experimental results are consistent with
our theoretical predictions. The present study can help in designing acoustoﬂuidic devices with the ability
to spatially arrange larger, or more closely spaced particles, cells, and other micro-organisms.
DOI: 10.1103/PhysRevApplied.11.054044
I. INTRODUCTION
The ability to trap particles such as cells, micro-
organisms, and biochemical compounds with the acoustic
radiation force of ultrasonic waves is fostering a revolu-
tion in biotechnology and analytical chemistry [1,2]. In
recent years, there has been a growing interest in develop-
ing acoustic devices for trapping and patterning individual
cells, particles, and chemical compounds [3–13]. Cell pat-
terning in microwell arrays is becoming a useful tool in
single-cell analysis [14], which includes applications in
intracellular research, gene and protein content and expres-
sion, polymerase chain reaction, cell culture and division,
clone formation, diﬀerentiation, morphology, lysis, sepa-
ration, sorting, cytotoxicity and ﬂuorescence screens, and
antibody secretion.
*gtomaz@ﬁs.ufal.br
Two lab-on-a-chip technologies are employed to
acoustically pattern particles, droplets, and cells, namely
surface (SAW) [3,5,8,11] and bulk (BAW) [6,7,9] acoustic
wave devices. In a common arrangement, SAW pattern-
ing devices have a three-dimensional (3D) rectangular-
prism chamber bounded in the manipulation plane by
four piezoelectric interdigital transducers (IDTs) operating
at the same frequency that generates a two-dimensional
(2D) surface standing wave. The surface waves leak into
the device’s chamber, yielding two orthogonal standing
waves. Likewise, BAW devices consist of four piezo-
electric transducers forming a chamber in which two
orthogonal standing waves are generated. The acous-
tic waves are produced directly into the liquid within
the chamber. Both SAW and BAW technologies gen-
erate acoustic traps that correspond to the radiation-
force potential minima, referred to as acoustic potential
wells.
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Acoustic energy landscapes generated in a rectangu-
lar cavity have been theoretically studied for the case of
a particle with a diameter much smaller than the wave-
length (Rayleigh particles) [15]. The analysis is based on
Gor’kov potential theory [16,17]. In fact, most investiga-
tions of acoustoﬂuidic devices for 2D patterning ultimately
rely on this theory [3,7,8,11,18,19], which cannot be used
to describe the radiation force on particles whose diame-
ters are comparable with the wavelength (Mie particles) or
above.
A previous theoretical study of the acoustic radiation
force exerted on Mie particles by a one-dimensional (1D)
standing wave revealed that the force depends on the
acoustic properties of the particle, with resonances that
are functions of the frequency-radius product [20]. As an
alternative, one can use the ﬁnite-element (FE) method to
compute the radiation force of the problem [21].
Based on FE simulations, a detailed study of the one
cell per acoustic potential well (OCPW) patterning of poly-
mer particles and cells in a 1D standing wave has been
performed [22]. The authors of this study unveiled the
presence of resonances in the primary radiation force and
analyzed the inﬂuence of the secondary radiation force in
diﬀerent particle spatial conﬁgurations. In another inves-
tigation, a many-particle dynamics simulation was carried
out using a 3D-FE model to compute the acoustic energy
landscapes including the secondary radiation force [23].
Nevertheless, numerical FE models do not necessarily
provide a clear understanding of patterning as they are
essentially only virtual experiments. Computing a parti-
cle trajectory in a 16-particle dynamics simulation is time
consuming, taking at least 6 h [23]. The computational
simulation time could be dramatically reduced if a closed-
form solution of the acoustic landscapes were available.
Simulations of this kind are a crucial step to engineer
acoustoﬂuidic patterning devices.
The lack of a comprehensive theoretical investigation
of acoustic energy landscapes beyond Rayleigh particles
has prompted us to develop the analytical model presented
here. In addition, our theoretical ﬁndings may provide
insights on the OCPW patterning technique for massively
parallel single-cell analysis. This method has been demon-
strated experimentally for Mie particles only [8,13].
The paper is organized as follows. Section II presents the
scattering and acoustic radiation-force theories based on
the partial-wave expansion method. A closed-form expres-
sion of the acoustic energy landscape of a 2D standing
wave is obtained. The stability of acoustic traps and the
eﬀects of secondary radiation forces are also analyzed
in this section. In Sec. III, we analyze the acoustic pat-
terning of polystyrene particles and osmotically swollen
red blood cells (SRBCs). Experimental results for pattern-
ing Rayleigh and Mie polystyrene particles are presented
in Sec. IV. Finally, our key ﬁndings are summarized in
Sec. V.
II. PHYSICAL MODEL
Consider a liquid of inﬁnite extent characterized by
sound speed c0 and density ρ0. A spherical particle of
radius a is placed in the ﬂuid at an arbitrary position r1 =
x1ex + z1ez, where ex and ez are the Cartesian unit vectors.
The particle is made of a solid elastic material with density
ρ1 and longitudinal and shear speed of sound denoted by cL
and cS, respectively. Thermoviscous eﬀects on the particle
can be induced within the viscous and thermal boundary
layers by an ultrasonic wave of angular frequency ω. The
boundary layer thicknesses scale approximately as ω−1/2
[24]. We shall present experimental results for an acoustic
patterning device operating at 6.5 MHz in water at room
temperature. In this case, the viscous and thermal bound-
ary layer thicknesses are 0.20 and 0.085 μm, respectively.
Hence, these boundary layers are much smaller than the
polystyrene particles that will be considered here (with
diameters of 10 and 75 μm). Therefore, we assume that
the surrounding liquid is a lossless ﬂuid. In addition, the
streaming-induced drag forces on particles with diameter
above 2 μm are much smaller than the acoustic radiation
force [25], and so acoustic streaming is also neglected in
our analysis.
A. 2D standing wave
In both SAW and BAW devices, the acoustic waves are
generated in a 3D chamber with a rectangular base. Usu-
ally, the chamber’s height is much smaller than the other
orthogonal dimensions [7,8,10,26]. We thus assume that
the device can be approximated in two dimensions as a
rectangular cavity and the acoustic ﬁeld can be represented
by the superposition of two orthogonal standing waves of
angular frequency ω. The incident pressure amplitude to
the particle inside the chamber is given by
pin(r|r1) = p02 { cos[k (x + x1)] + cos[k (z + z1)]} , (1)
where p0 is the pressure magnitude,  is the dimensionless
amplitude of the standing wave along the x axis, k = 2π/λ
is the wave number, and r1 =
√
x21 + z21 is the distance
from the particle to the antinode at x = 0 and z = 0. The
time-harmonic term in Eq. (1) is suppressed for simplicity.
For SAW devices, the refracted wave into the cham-
ber moves along the direction given by a refraction angle
known as the Rayleigh angle [5] θR = arcsin(c0/cSAW),
where cSAW denoted the sound speed of the piezoelectric
substrate. The wavelength in SAW devices is expressed by
λ = 2π(c0/ω) sin−1 θR. For the case of a BAW device, the
Rayleigh angle is set to θR = 90◦ and λ = 2πc0/ω.
In Fig. 1, we depict the pressure amplitude of the 2D
standing wave normalized to p0, with  = 1. The pressure
054044-2
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FIG. 1. Normalized pressure amplitude of the 2D standing
wave given by Eq. (1) with  = 1 and x1 = z1 = 0. The pres-
sure nodes (green dots), antinodes (blue dots), midpoints (purple
dots), and nodal lines (white dashed lines) are illustrated.
antinodes and nodes are located, respectively, as
r(A)nm =
{
(n,m) λ,( 2n+1
2 ,
2m+1
2
)
λ,
r(N )nm =
{(
n, 2m+12
)
λ,( 2n+1
2 ,m
)
λ,
(2)
with n,m ∈ Z. The lines linking two nearest nodes are
referred to as nodal lines. A midpoint is a point equidistant
to two nodes in a nodal line, whose position is
r(M )nm =
(
±2n + 1
4
,±2m + 1
4
)
λ. (3)
B. Acoustic scattering
To determine the acoustic radiation force on a particle,
we have to solve the corresponding scattering problem for
a solid elastic particle in an ideal ﬂuid. The coordinate
system origin is set at the particle’s center. It is useful to
express the incident pressure given in Eq. (1) in terms of
the partial-wave series in spherical coordinates (r, θ ,ϕ),
pin = p0
∑
n,m
anm(x1, z1)jn(kr)Ymn (θ ,ϕ), (4)
where
∑
n,m =
∑∞
n=0
∑m
n=−m and jn is the nth-order spher-
ical Bessel function. The spherical harmonic of nth order
and mth degree is
Ymn (θ ,ϕ) =
√
2n + 1
4π
(n − m)!
(n + m)!P
m
n (cos θ) e
imϕ , (5)
with Pmn being the associated Legendre polynomial [27].
In Appendix A, we derive the expansion coeﬃcient anm
also known as the beam-shape coeﬃcient. Referring to
Eq. (A3) we ﬁnd
anm(x1, z1) =
√
4π(2n + 1) (n − m)!
(n + m)!
×
[
δm,0 cos
(
kz1 + nπ2
)
+ Pmn (0) cos
(
kx1 + nπ2
)]
,
(6)
where δnm is the Kronecker’s delta function. Here, we use
Pmn (1) = δm,0.
The pressure amplitude of the scattered wave is also
given by a partial-wave series,
psc = p0
∑
n,m
anm(x1, z1)snh(1)n (kr)Y
m
n (θ ,ϕ), (7)
where h(1)n is the nth-order spherical Hankel function of the
ﬁrst type and sn is the scattering coeﬃcient. This coeﬃ-
cient is obtained by applying the continuity condition of
the acoustic ﬁelds (radial and tangential stresses and ﬂuid
velocity) across the particle’s surface. Accordingly, the
scattering coeﬃcients of a solid elastic particle are given
by [28]
sn = det
⎡
⎣ e1 d12 d13e2 d22 d23
0 d32 d33
⎤
⎦ det
⎡
⎣ d11 d12 d13d21 d22 d23
0 d32 d33
⎤
⎦
−1
.
(8)
The matrix elements e1, e2, dij (with i, j = 1, 2, 3) are
given in Appendix C.
C. Primary acoustic radiation force
The primary radiation force caused by an acoustic wave
on a particle is given by [29]
Frad = πa2E0Qrad, (9)
where E0 = p20/2ρ0c20 is the characteristic energy of the
wave and
Qrad = (Qxex + Qzez) (10)
is the radiation-force eﬃciency. The Cartesian compo-
nents of the radiation-force eﬃciency vector Qrad are given
054044-3
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by [30,31]
Qx = − 12π(ka)2 Im
∑
n,m
√
(n + m + 1)(n + m + 2)
(2n + 1)(2n + 3)
× (Snanma∗n+1,m+1 + S∗na∗n,−man+1,−m−1) , (11a)
Qz = 1
π(ka)2
Im
∑
n,m
√
(n − m + 1)(n + m + 1)
(2n + 1)(2n + 3)
× Snanma∗n+1,m, (11b)
where an asterisk denotes complex conjugation and Sn =
sn + s∗n+1 + 2sns∗n+1.
After substituting the beam-shape coeﬃcients given
in Eq. (6) into Eq. (11), we obtain the radiation-force
eﬃciencies as
Qx = Q1 sin kx cos kz + 2Q2 sin 2kx, (12a)
Qz = Q1 sin kz cos kx + Q2 sin 2kz. (12b)
For the sake of simplicity, we drop the indexes of x1
and z1 in these equations. The auxiliary radiation-force
eﬃciencies are expressed by
[
Q1
Q2
]
= − 2
(ka)2
∞∑
n=0
[
εn − εn+1
(−1)n
]
(n + 1)Im[Sn], (13)
where εn = [1 + (−1)n]Pn(0). The functions Q1 and Q2
correspond, respectively, to how eﬃciently the crossed and
1D radiation-force components given in Eq. (12) develop
on the particle. They depend on the acoustic properties of
the particle and surrounding liquid. Note that, as expected,
the expression obtained for Q2 agrees with the result for
the 1D radiation force of a standing wave ﬁeld [see Eq.
(27) in Ref. [20] ].
D. Acoustic energy landscape
Similarly to Gor’kov’s theory of the acoustic radia-
tion force on Rayleigh particles [16], we introduce the
radiation-force potential U by direct integration of Eq. (12)
over x and z. Accordingly,
Frad = −∇U, (14)
where
U(x, z) = 3V1E0
8ka
(
2Q2 cos 2kx + 2Q1 cos kx cos kz
+Q2 cos 2kz) + U0, (15)
with V1 = 4πa3/3 being the particle volume and U0 being
an arbitrary integration constant. Equation (15) is valid for
large particles whose size is comparable to the wavelength,
i.e., Mie particles. This result generalizes the acoustic
energy landscape obtained in Ref. [26] that is valid only
for Rayleigh particles.
E. Acoustic trap stability
In a trapping point rtrap, the acoustic radiation force is
zero (potential well). Acoustic traps may take place at
pressure nodes and/or antinodes described in Eq. (2) and
in the midpoints given by Eq. (3). After expanding the
eﬃciencies in Eq. (12) around r = rtrap, we ﬁnd
Frad = −K
(
r − rtrap
)
, (16)
where K is the stiﬀness matrix, which is given for a node,
antinode, and midpoint by
K(N ) = πa2E0k diag
(
22Q2 − Q1, 2Q2 − Q1
)
, (17a)
K(A) = −πa2E0k diag
(
Q1 + 22Q2, Q1 + 2Q2
)
,
(17b)
K(M ) = −πa2E0k
(
22Q2 Q1
Q1 2Q2
)
. (17c)
The stiﬀness matrix should be positive deﬁnite to ensure
trap stability; e.g., all matrix eigenvalues are positive.
When the orthogonal standing waves have the same ampli-
tude  = 1, we note that the traps are stable if
Q1 − 2Q2 > 0 (node), (18a)
Q1 + 2Q2 < 0 (antinode), (18b)
Q1 − 2Q2 < 0, Q1 + 2Q2 > 0 (midpoint). (18c)
In this case, traps at pressure nodes and antinodes are
circularly symmetric because the stiﬀness matrix has a
degenerated eigenvalue, whereas those in midpoints have
an elliptical shape since the corresponding eigenvalues are
distinct.
Courtney et al. [7] have shown that the diagonal term
cos kx cos kz of Eq. (15) can be eliminated by adjusting
the standing wave phases. This method was demonstrated
for Rayleigh particles which, according to the conditions
in Eq. (18), will be trapped in nodes and antinodes when
Q2 < 0 and in midpoints if Q2 > 0. In both cases, the
acoustic traps are circularly symmetric.
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F. Secondary acoustic radiation force
When two or more particles are present in the medium,
rescattering events give rise to the acoustic interaction
forces between the particles. This force, also known as the
secondary radiation force, can be either attractive or repul-
sive [32,33]. The secondary radiation forces can disturb the
acoustic energy landscape of the primary radiation force.
Assume that a collection of N nonintersecting particles
(N ≥ 2) is suspended in a ﬂuid. The position and radius
of a particle are denoted, respectively, by ri and ai (i =
1, 2, . . . ,N ). Consider thatP = (r1, . . . , ri−1, ri+1, . . . , rN )
represents the particle positions excluding ri. The incident
eﬀective pressure on the particle at ri is given by
p (i)eﬀ (r|r1, . . . , rN ) = pin(r|ri) + psc(r|P), (19)
where psc(r|P) is the total scattered pressure by particles
at P . In the reference frame set at ri, the pressure psc(r|P)
is an analytic function. Hence, the eﬀective pressure peﬀ,i
can be expanded into a partial-wave series as given in
Eq. (4). Thus, we conclude that the beam-shape coeﬃcient
for the particle at ri is given by
c(i)nm = a(i)nm + b(i)nm, (20)
where a(i)nm is the beam-shape coeﬃcient of the stand-
ing wave expressed by Eq. (6). The coeﬃcient b(i)nm is
the expansion coeﬃcient of the rescattered waves. It is
determined with a seminumerical method based on the
partial-wave expansion method and the addition theorem
as presented in Appendix B.
After substituting Eq. (20) into Eq. (11) and following
the same procedure to derive Eq. (14), we ﬁnd the eﬃ-
ciency of the total radiation force exerted on the particle at
ri as
Q(i)tot = Q(i)rad + Q(i)int, (21)
where Q(i)rad and Q
(i)
int are the eﬃciencies of the primary and
secondary (interaction) radiation forces, respectively. The
Cartesian components of the acoustic interaction force are
given by the equations in Eq. (11) by setting anm = b(i)nm.
III. NUMERICAL RESULTS
We analyze now the acoustic radiation force exerted
on polystyrene particles and osmotically SRBCs in water
at room temperature. Polystyrene is chosen because it
is routinely used as a calibration particle in acoustoﬂu-
idic experiments as its acoustic properties are similar to
cells. We assume that osmotically SRBCs can be modeled
as a spherical ﬂuid particle [34]. The physical param-
eters of polystyrene, SRBC, and surrounding liquid are
TABLE I. Physical parameters of a polystyrene particle and
SRBC suspended in water at room temperature and pressure.
Description Value
Water
Density (ρ0) 998 kgm−3
Speed of sound (c0) 1493 m s−1
Polystyrene [35]
Density (ρ1) 1052 kgm−3
Longitudinal speed of sound (cL) 2400 m s−1
Shear speed of sound (cS) 1150 m s−1
SRBC [34]
Density (ρ1) 1139 kgm−3
Longitudinal speed of sound (cL) 1680 m s−1
given in Table I. In the upcoming analysis, it is use-
ful to deﬁne the size parameter of the particle as the
diameter-to-wavelength ratio,
ξ = 2a
λ
. (22)
A. Radiation-force eﬃciencies
To compute the radiation-force eﬃciencies Q1 and Q2,
we have to establish a truncation order n = M in Eq. (13).
We adopt the Wiscombe’s truncation criterion used in
optics [36], which is based on the fact that for a ﬁxed par-
ticle size parameter ξ , the contribution of an nth-scattering
mode in Eq. (7) decreases as n increases. Accordingly, a
truncation order of M = 10 suﬃces to compute the radia-
tion force on particles with a wavelength diameter, 2a = λ,
or smaller.
In Fig. 2, we show the eﬃciencies Q1 and Q2 versus
the size parameter ξ for (a) a polystyrene particle and (b)
a SRBC. Equation (13) is used to evaluate the eﬃcien-
cies numerically. The presence of resonances is noted in
the radiation-force eﬃciencies of polystyrene. They can be
understood in terms of the resonances that appear in the
scattering modes described by the coeﬃcients sn [37]. The
trapping band (N ) node, (A) antinode, and (M ) midpoint
are determined and shown by using the conditions in Eq.
(18). The bandwidths are summarized in Table II. Note that
the Q2 eﬃciency for a polystyrene particle shown in Fig. 2
is very similar to what has been obtained for a 1D standing
wave with the FE method in Fig. 2(b) of Ref. [22].
B. Eﬀects of the secondary radiation forces
To assess the eﬀects of the secondary radiation forces on
the trapping stability, we numerically compute these forces
on two identical polystyrene particles, with size parameters
ξ < 0.47. The 2D standing wave has  = 1. In each cal-
culation, the interparticle distance equals the size param-
eter of the particles. Thus, the particles are in contact.
054044-5
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(a)
(b)
FIG. 2. Radiation-force eﬃciencies Q1 and Q2 versus size
parameter of (a) a polystyrene particle and (b) a SRBC in water.
The eﬃciencies are computed with Eq. (13). The labels Ni, Ai,
and Mi, with i = 1, 2, denote the entrapment bands in pressure
nodes, antinodes, and midpoints in nodal lines, respectively.
This conﬁguration results in the largest secondary radia-
tion forces between the particles, given that they decay as
an inverse power law of the interparticle distance [33]. It is
worth mentioning that the eﬀects of van der Waals and con-
tact forces between the particles are not considered here.
The primary radiation forces are computed using Eq. (14),
while the secondary forces are numerically evaluated using
the interaction beam-shape coeﬃcients (see Appendix B)
in the radiation-force eﬃciencies in Eq. (11).
We show the total (primary + secondary) and sec-
ondary radiation-force eﬃciencies along the x axis of two
polystyrene particles [Fig. 3(a)] and two SRBCs [Fig. 3(b)]
with size parameters ξ = 0.4. The particle positions vary
TABLE II. Formation of trap points for polystyrene parti-
cles and SRBCs with respect to the size parameter ξ = 2a/λ
according to Fig. 2.
Trap Size parameter range
Polystyrene sRBC
Midpoint M1: 0.00 < ξ ≤ 0.10 0.00 < ξ < 0.39
M2: 0.47 ≤ ξ < 0.69 not applicable
Node N1: 0.10 < ξ < 0.47 0.39 ≤ ξ < 0.71
N2: 0.69 ≤ ξ ≤ 0.71 not applicable
Antinode A1: 0.41 ≤ ξ < 0.47 not applicable
A2: 0.69 ≤ ξ ≤ 0.71 not applicable
(a)
(b)
FIG. 3. The total (Qtot = Qrad + Qint) and secondary (Qint)
radiation-force eﬃciencies of (a) two polystyrene particles and
(b) two sRBCs as a function of their position along the x-axis.
The particles’ size parameters are ξ = 0.4. Circles labeled as “1”
and “2” depict the particles and vectors (black arrows) represent
the total forces acting on them. The contact points are shown at
a node (xc = −0.5λ) and antinode (xc = λ).
in the intervals −0.7 ≤ x ≤ 1.3 (particle 1) and −0.3 ≤
x ≤ 1.5 (particle 2). Their contact point is illustrated at a
node (xc = −0.5λ) and antinode (xc = λ). While antinodes
are the center of unstable regions, nodes are equilibrium
points. The contribution of the secondary to the total force
is measured through the ratio between their peak-to-peak
amplitudes, which values  = 0.15 (polystyrene) and  =
0.05 (SRBC).
Other graphical results considering diﬀerent size param-
eters are not shown here for brevity. Instead, we present
their secondary radiation-force contribution parameter.
Firstly, we analyze polystyrene particles for which we
have  = 0.17 (ξ = 0.41),  = 0.18 (ξ = 0.43), and  =
0.16 (ξ = 0.44). When ξ = 0.46, we have  = 1.25. How-
ever, we are not showing here the primary and secondary
radiation forces that are out of phase, yielding a total
force of about the same magnitude as the secondary force.
Additionally, for size parameters ξ < 0.4, the contribution
parameter is limited to  < 0.15 and approaches zero as ξ
decreases. We also analyze the secondary radiation force
of two particles in contact along the y = x line. The contri-
bution of the secondary radiation force is smaller than that
054044-6
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for particles on the x axis. We conclude that the secondary
radiation forces of two particles in contact with ξ < 0.46
are smaller than 18% of the total forces on them, regardless
of the orientation of their center-to-center line. Secondly,
considering SRBCs with size parameter ξ ≤ 0.7, we ﬁnd
an upper limit for the secondary force contribution as
 ≤ 0.08.
C. One cell per acoustic well patterning
To determine the largest particle that can be, in principle,
patterned in the OCPW conﬁguration, we assume that
(i) All particles are identical;
(ii) All acoustic potential wells are occupied;
(iii) The particle diameter 2a should be smaller than
the distance d between the nearest acoustic potential wells,
which means ξ < d/λ.
According to the conditions in Eq. (18), the potential wells
can appear in nodes, antinodes, and midpoints. From Eqs.
(2) and (3), we ﬁnd that the distance between the nearest
nodes, antinodes, and midpoints are
d =
⎧⎪⎨
⎪⎩
0.71λ, node to node or antinode to antinode,
0.50λ, node to antinode,
0.50λ, midpoint to midpoint.
(23)
These distances do not depend on the particle physical
properties. However, the fact that a potential well may take
place in a node, antinode, or midpoint is related to the
wave frequency and particle size as well as its mechanical
properties.
To proceed with the OCPW analysis for polystyrene
particles, we have to determine where the acoustic poten-
tial wells will be formed by following Table II. Rayleigh
particles with size parameter in the range ξ ≤ 0.10 (M1
band) tend to cluster together within the potential wells
around midpoints. Thus, these particles are not patterned
in the OCPW arrangement. Mie particles in the range
0.10 < ξ < 0.41 (N1 band) satisfy the OCPW condi-
tion (iii) because ξ < d/λ = 0.71. When 0.41 ≤ ξ < 0.47
(N1,A1 band) and 0.47 ≤ ξ ≤ 0.5 (M2 band), the condi-
tion (iii) is also fulﬁlled as ξ < d/λ = 0.5. For particles
with 0.5 < ξ < 0.69 (M2 band), the condition (iii) can-
not be met as ξ > d/λ = 0.5. The primary radiation force
forms trapping points in the range 0.1 < ξ < 0.47. How-
ever, we note in Sec. III B that, when ξ > 0.4, the sec-
ondary radiation-force eﬀects become more signiﬁcant.
These eﬀects include attractive and repulsive interaction
forces that are likely to disturb the OCPW patterning.
We now analyze the patterning of SRBCs in a waterlike
solution. According to Table II and Eq. (23), the condition
(iii) is satisﬁed if SRBCs are patterned in midpoints with
0 < ξ < 0.39 (M1 band) or in nodes with 0.39 < ξ < 0.71
(N1 band). If we disregard Rayleigh particle trapping, the
range of SRBC patterning is 0.1 < ξ < 0.71, which is
larger than the polystyrene range.
In Fig. 3, we see that the particles can be set apart only
if their contact point xc is initially an antinode. In this case,
the radiation forces are in opposite directions as depicted
for xc = λ. If xc is in the other position, the particles are
likely to remain bound together. This result suggests that
the OCPW patterning is highly dependent on the initial
spatial conﬁguration of the particles.
IV. EXPERIMENTAL RESULTS
Figure 4 shows the BAW device that is used for experi-
mental patterning of polystyrene particles. The device con-
sists of four piezoelectric transducers (PZT NCE51, 15 ×
2 × 1 mm3, Noliac, Denmark) forming an open cham-
ber of dimensions 18 × 18 × 2 mm3 in a polyethylene
terephthalate square plate. A glass coverslip is attached
to the bottom of the device with a thin layer of adhesive
(Fixogum, Marabu GmbH, Germany). The transducers
are wired in parallel and driven by a signal generator
(Model 33220A, Agilent Technologies, USA) and ampli-
ﬁer (Model 75A250A, Ampliﬁer Research, USA) with a
sinusoidal signal of frequency 6.5 MHz and peak-to-peak
voltage amplitude between 10 and 16 Vpp. Each trans-
ducer generates a near planar traveling ultrasonic wave
of wavelength λ = 230 μm. As a result, a 2D standing
wave is formed within the acoustic chamber (78λ × 78λ).
FIG. 4. Schematics of the BAW device for patterning particles.
It consists of four piezoelectric transducers (orange rectangles)
forming an acoustic chamber of 18 × 18 × 2 mm3, mounted on
a polyethylene terephthalate laminate. The transducers are wired
in parallel and driven by a sinusoidal signal. Particles (black and
white circles) are immersed in distilled water shown in blue. A
glass coverslip is attached with adhesive to the bottom of the
device.
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(a) (b)
(c) (d)
FIG. 5. Micrographs of the cen-
tral area of the acoustoﬂuidic
device containing polystyrene par-
ticles with diameter of (a) 10 μm
(ξ = 0.043) and (c) 75 μm (ξ =
0.32) that are immersed in dis-
tilled water. (b),(d) The corre-
sponding theoretical predictions
for the radiation-force vector ﬁeld
(blue arrows) given by Eqs. (12a)
and (12b), and the acoustic energy
landscape (background contour
plot) computed with Eq. (15) and
normalized to 3V1E0/8ka.
An inverted microscope (Olympus CKX53, Japan) is used
for making optical imaging of the patterned particles
in the device central area (1 × 1 mm2 or 4.3λ × 4.3λ).
Two solutions of distilled water with particles of diam-
eter 10 μm (Rayleigh particle, ξ = 0.043) and 75 μm
(Mie particle, ξ = 0.32) are prepared and injected into the
acoustic chamber using a pipette (Eppendorf, Germany).
After injection, we wait 5 min for the particles to sediment
onto the glass substrate. Subsequently, we set the peak-to-
peak voltage Vpp = 10 and 16 V for the experiments of,
respectively, the Rayleigh and Mie particles.
The micrographs of the Rayleigh and Mie particle pat-
terns are shown in Figs. 5(a) and 5(c), respectively. The
corresponding acoustic energy landscapes and radiation-
force vector ﬁelds (blue arrows) are depicted in Figs. 5(b)
and 5(d). The energy landscapes are calculated with Eq.
(15), while the radiation force is computed with (12). Fol-
lowing the analysis of Sec. III B, we ﬁnd that secondary
radiation-force amplitudes are smaller than 12% of those
of the total force when ξ ≤ 0.32. Hence, the secondary
force eﬀects are neglected here. Note that, despite other
forces such as friction (between particles and the glass
slide) and Stokes’s drag that may act on the particles as
well, the primary radiation force sets them to move toward
potential wells. We see that the acoustic patterning of both
Rayleigh (ξ = 0.043) and Mie (ξ = 0.32) particles is in
good agreement with theoretical predictions. In all exper-
imental trials with Rayleigh particles (at least 20 repeti-
tions), the particles are always arranged around midpoints
in a 2D diamond shape. This result lends support to previ-
ous ﬁndings regarding the acoustic patterning of Rayleigh
particles in water [26] and in hydrogel [11]. While on
occasions such as that shown in Fig. 5(c), the OCPW pat-
terning is observed in our experiments with ξ = 0.32, on
other occasions, multiple particles are clustered in some
of the stable locations. Hence, repeatable and consistent
OCPW is not achieved. The acoustic energy landscape in
Fig. 5(d) shows that the trapping occurs in pressure nodes.
Minor inconsistencies in a few particle positions are noted
and thought to be due to eﬀects of friction between the
particle and the glass coverslide. For instance, the exper-
imental result in Fig. 5(c) illustrates a particle centered at
(0.5λ, 1.9λ), while the theoretical prediction in Fig. 5(d)
suggests a particle trapped at (0.5λ, 2λ). In addition, we
perform experiments with polystyrene particles with size
parameter ξ ∼ 0.45. Particle clusters are observed. This
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FIG. 6. Acoustic energy landscape (background contour) and
radiation-force ﬁeld (blue arrows) for SRBCs (gray circles) with
size parameter ξ = 0.33 in a hypotonic solution whose acous-
tic properties are similar to those of water. The SRBC positions
are taken from a central region near the left edge of Fig. 7(b) in
Ref. [8].
result corroborates our theoretical predictions in Sec. III B,
which state that secondary forces are dominant when ξ ∼
0.45.
Our theoretical analysis predicts that polystyrene par-
ticles with a size parameter ranging in 0.10 < ξ < 0.4
move toward pressure nodes under the inﬂuence of
the primary radiation force. This range covers the one
reported by Collins et al. [8] for the experimental OCPW
patterning of polystyrene particles, 0.25 < ξ < 0.31. The
experimental results are obtained in a SAW rectangular
device combining a 2D standing wave and a plane travel-
ing wave. This result suggests that other forces, such as the
hydrodynamic ﬂow and radiation force of traveling waves,
play a critical role in producing a consistent and repeatable
OCPW patterning. In another set of experiments in a SAW
device, Brugger et al. [13] showed the OCPW arrangement
of silica particles in the range of 0.35 < ξ < 0.49. In this
case, a chirped IDT chip is employed to adjust the particle
patterning.
We now brieﬂy discuss here the experimental OCPW
patterning of SRBCs reported in Ref. [8]. The SRBCs with
diameter 2a = 7.5 μm and size parameter ξ = 0.33 are
immersed in a hypotonic solution whose acoustic prop-
erties are close to those of water. In Fig. 6, we show
the acoustic energy landscape (background contour) and
radiation-force ﬁeld (blue arrows) on SRBCs (gray cir-
cles). Their positions are manually measured from a central
region near the left edge of Fig. 7(b) in Ref. [8]. The pattern
is compatible with our prediction in Table II: SRBCs with
ξ = 0.33 in a waterlike solution are trapped in midpoints.
V. SUMMARY AND CONCLUSIONS
A theoretical model for the 2D particle patterning pro-
duced by two orthogonal standing waves is presented. The
standing waves generate acoustic traps by means of the
primary radiation force acting on a particle with a size
comparable to the wavelength and immersed in a liquid.
We demonstrate that the radiation force is a conservative
force by obtaining its potential function. The minima of
the radiation-force potential correspond to acoustic traps.
Our model reveals that particles can be trapped in pressure
nodes, antinodes, and midpoints. An exception to this rule
are core-shell particles that do not respond to the acous-
tic radiation force [38]. Trapping position depends on the
mechanical parameters of the particle and the surrounding
liquid (density and speed of sound). It also depends on the
particle size with respect to the wavelength, ξ = 2a/λ.
With the developed model, we analyze the acoustic
patterning of polystyrene particles. We also consider the
eﬀects of the secondary radiation force. For polystyrene
particles with size parameter ξ < 0.4, the amplitude of
these forces is up to 15% of the total force. It becomes
even smaller as ξ decreases. Thus, we see that in the range
0.10 < ξ < 0.4, stable traps are formed in pressure nodes.
The range for SRBCs, with no signiﬁcant inﬂuence of
the secondary radiation force, is larger 0.10 < ξ < 0.71.
In a set of experiments with patterning polystyrene par-
ticles immersed in distilled water, we ﬁnd that Rayleigh
particles always form a 2D diamond pattern, whereas Mie
particles with ξ = 0.32 are patterned at pressure nodes.
In conclusion, our method furnishes insights on the 2D
acoustic patterning of particles with a size comparable to
the wavelength. The obtained results considerably simplify
the analysis of acoustic patterning compared to that based
on numerical simulations. They also establish an exten-
sion of the patterning theory beyond Gor’kov’s potential
method, which can be used for Rayleigh particles only. Our
ﬁndings also provide a useful tool to investigate the condi-
tions for the OCPW conﬁguration. This type of tool is of
particular interest for the use of acoustoﬂuidic technology
as a platform for massive parallel single-cell analysis and
tissue engineering.
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APPENDIX A: BEAM-SHAPE COEFFICIENT
Consider a traveling plane wave eik·r with an arbi-
trary wavevector k = k(sinα cosβ ex + sinα sinβ ey +
cosα ez), where α and β are the polar and azimuthal
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angles. The partial-wave expansion of a traveling plane
wave in spherical coordinates is given by
eik·r = 4π
∑
n,m
inYmn (α,β) jn(kr)Y
m
n (θ ,ϕ). (A1)
Using this expression and Eq. (5), we may expand the
plane waves along the x and z axes as[
eikx
eikz
]
= 4π
∑
n,m
in
[
Ymn (
π
2 , 0)
Ymn (0, 0)
]
jn(kr)Ymn (θ ,ϕ). (A2)
The cosine functions in Eq. (1) can be decomposed
as cos k(x + x1) = (eik(x+x1) + e−ik(x+x1))/2 and cos k(z +
z1) = (eik(z+z1) + e−ik(z+z1))/2. After placing these expres-
sions into Eq. (1) and using Eq. (A2) with the relation
Ym ∗n = (−1)mY−mn , we ﬁnd
pin = p02
∑
n,m
[
dnm + (−1)md∗n,−m
]
jn(kr)Ymn (θ ,ϕ), (A3)
where
dnm = 2π
× [ei(kz1+nπ/2)Ymn (0, 0) +  ei(kx1+nπ/2)Ymn (π2 , 0)] .
(A4)
APPENDIX B: INTERACTION COEFFICIENTS
The eﬀective beam-shape coeﬃcients for each particle
at ri (i = 1, 2, . . . ,N ) are obtained by solving the system
of linear equations [33]
c(i)nm −
N∑′
j=1
∑
ν,μ
sν; j Smμnν c
(j )
νμ = a(i)nm, (B1)
where the primed sum means j = i, sn, j is the nth-mode
scattering coeﬃcient of a particle at rj , and S
mμ
nν is the
translation coeﬃcient given in Ref. [33]. It is useful to
express Eq. (B1) in matrix form. In so doing, we have to
write the beam-shape and translational coeﬃcients regard-
ing one and two indexes, respectively. Consider that the
scattering events described by Eq. (7) are truncated at
n = M . The eﬀective beam-shape coeﬃcients can be rein-
dexed as follows:
c1 = c(1)00 , c2 = c(1)1,−1, c3 = c(1)1,0, c4 = c(1)1,1, . . . ,
c(M+1)2 = c(1)MM ; c(M+1)2+1 = c(2)00 , . . . ,
c2(M+1)2 = c(2)MM ; . . . , cN (M+1)2 = c(N )MM . (B2)
Likewise, a1 = a(1)00 , a2 = a(1)1,−1,. . . , aN (1+M )2 = a(N )MM . We
deﬁne the beam-shape matrices as
a = (a1 a2 . . . aJ )T , c = (c1 c2 . . . cJ )T ,
(B3)
with J = N (1 + M )2. The translation times the scattering
coeﬃcients are structured as an oﬀ-block diagonal matrix,
T =
⎛
⎜⎜⎜⎜⎜⎝
0 S2 · · · SN−1 SN
S1 0 · · · SN−1 SN
S1 S2
. . . SN−1 SN
...
...
... 0
...
S1 S2 · · · SN−1 0
⎞
⎟⎟⎟⎟⎟⎠ , (B4)
where 0 is the (1 + M )2 × (1 + M )2-null matrix. The
translation matrix T is a J × J matrix. Writing S(i)nm =
[Si]nm, we have
S(i)11 = s(i)0 S0000, S(i)12 = s(i)1 S0,−101 ,
S(i)13 = s(i)1 S0001, S(i)14 = s(i)1 S0101, (B5)
...
S(i)
(1+M )2,(1+M )2 = s
(i)
(1+M )2S
(1+M )2,(1+M )2
(1+M )2,(1+M )2 .
Now, Eq. (B1) can be written in the matrix format
(I − T) c = a, (B6)
with I being the unit matrix. The interaction coeﬃcient
matrix is given by
b = c − a. (B7)
Thus, the interaction coeﬃcients are obtained by numeri-
cally solving the system of linear equations in Eq. (B6).
To validate the presented method, we show in Fig. 7
the broadside backscattering cross section of two identi-
cal rigid spheres with ka = 2 computed with the eﬀective
coeﬃcients c. We ﬁnd excellent agreement between our
method and the computed result in Ref. [39].
FIG. 7. Broadside backscattering cross section of two rigid
spheres of radii a (normalized to πa2), with ka = 2 versus nor-
malized separation distance 2d/a. Our result is compared to
that given by Gaunaurd and Huang [39]. Inset: Two-particle
scattering problem.
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APPENDIX C: MATRIX ELEMENTS OF THE
SCATTERING COEFFICIENT
The matrix elements necessary to compute the scattering
coeﬃcient in Eq. (8) are given by [28]
e1 = i(ka/ω)j ′n(ka),
e2 = −i(ρ0/ρ1ω)k2Sa2jn(ka),
d11 = −i(ka/ω)h(1)′n (ka),
d12 = kLa j ′n(kLa),
d13 = n(n + 1)jn(kSa),
d21 = i(ρ0/ρ1ω)k2Sa2h(1)n (ka),
d22 = −4kLa j ′n(kLa) + [(2n(n + 1) − k2Sa2)] jn(kLa),
d23 = 2n(n + 1)[kSa j ′n(kSa) − jn(kSa)],
d31 = 0,
d32 = 2 [jn(kLa) − kLa j ′n(kLa)],
d33 = 2kSa j ′n(kSa) + [(kSa)2 − 2n(n + 1) + 2] jn(kSa),
where kL = ω/cL and kS = ω/cS are the longitudinal and
shear wave numbers inside the particle.
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